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The Haldane-Shastry model is one of the most studied interacting spin systems. The Yangian
symmetry makes it exactly solvable, and the model has semionic excitations. We introduce disorder
into the Haldane-Shastry model by allowing the spins to sit at random positions on the unit circle and
study the properties of the eigenstates. At weak disorder, the spectrum is similar to the spectrum
of the clean Haldane-Shastry model. At strong disorder, the long-range interactions in the model
do not decay as a simple power law. The eigenstates in the middle of the spectrum follow a volume
law, but the coefficient is small, and the entropy is hence much less than for an ergodic system.
In addition, the energy level spacing statistics is neither Poissonian nor of the Wigner-Dyson type.
The behavior at strong disorder hence serves as an example of a non-ergodic phase, which is not of
the many-body localized kind, in a model with long-range interactions and SU(2) symmetry.
I. INTRODUCTION
The typical behavior of interacting quantum many-
body systems is to display ergodic physics. This is en-
coded in the eigenstate thermalization hypothesis, which
says that local observables computed for an individual
eigenstate of the Hamiltonian is described by the ther-
mal microcanonical ensemble [1–6]. The eigenstate ther-
malization hypothesis fails, however, in quantum sys-
tems that possess integrability and in systems that many-
body localize due to quenched disorder where a notion of
emergent integrability appears [7–10]. Many-body local-
ization is a phenomenon where an interacting quantum
many-body system fails to thermalize and memory of the
initial conditions of the local observables is retained even
at long times.
Symmetries play an important role in deciding the fate
of the excited states. For instance, the presence of a
global discrete symmetry of the Hamiltonian may lead
to a glassy phase in the excited states [11–13]. How-
ever, disordered many-particle systems that possess non-
Abelian continuous symmetries fail to many-body local-
ize as pointed out in Refs. [14–17]. It was, e.g., argued
that the highly excited states of one-dimensional spin
models with SU(2) symmetry cannot have area law en-
tanglement as required for many-body localization. In-
stead, an investigation of the antiferromagnetic Heisen-
berg chain with SU(2) symmetry and nearest neighbor
exchange interactions of random strengths showed that
a different type of non-ergodic phase appears in a broad
regime at strong disorder [16, 17].
Among the spin models in one dimension, the Haldane-
Shastry model [18, 19] is special for several reasons. The
Haldane-Shastry model is a long-ranged Heisenberg an-
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tiferromagnet with 1/r2 exchange interactions. It pos-
sesses a Yangian symmetry that makes it fully integrable
[20–23]. All the eigenstates and the energies can be
computed exactly. In addition, this model is known to
be the conformal gapless fixed point of the spin mod-
els within the SU(2)1 WZW class, a Luttinger liquid
[18, 24, 25]. The excitations can be understood as a gas
of free semions [26–28].
In the Haldane-Shastry model, the spins are dis-
tributed equidistantly on the unit circle. A generaliza-
tion of the Haldane-Shastry Hamiltonian, which allows
the spins to sit at arbitrary positions on the unit cir-
cle, was proposed in Refs. [29, 30]. This opens up the
possibility to study the effect of disorder by introducing
randomness into the chosen positions of the spins. The
ground state is still known analytically, and different dis-
order averaged properties of the ground state have been
computed in [29, 31, 32].
In this paper, we study the effects of disorder on the
excited states of the Haldane-Shastry model. The ran-
domness introduced into the positions of the spins on the
unit circle leads to randomness in the spin-spin couplings.
The strengths of the spin-spin couplings do not follow a
simple power law, and the couplings can be large even
for spins that are not nearest neighbors.
At weak disorder, the model possesses an approximate
Yangian symmetry due to the proximity to the clean
model, which is integrable, and the disorder averaged
entanglement entropy follows a volume law. At strong
disorder, the entanglement entropy also follows a volume
law, but the coefficient is much smaller than for weak dis-
order, and the entanglement is hence much less than for
an ergodic system. To further confirm this non-ergodic
phase, we also study the level spacing statistics at strong
disorder, which turns out to be neither Poissonian nor of
the Wigner-Dyson type.
There is currently much interest in finding out how
nonlocal terms in a Hamiltonian affect the thermalization
properties of a system [33–36], e.g. whether many-body
localization is possible when different types of long-range
terms are present, as one might expect that long-range
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2terms could increase the amount of entanglement. As
mentioned above, it has been argued that systems with
SU(2) symmetry cannot many-body localize, since SU(2)
symmetry is incompatible with area law scaling of the en-
tanglement entropy [14, 15], and it is hence expected that
we do not find many-body localization in the studied,
nonlocal model. Here, we are interested in the question,
whether the non-ergodic, low entanglement entropy be-
havior found in nearest neighbor models with SU(2) sym-
metry can also appear in models with long-range terms.
Our results provide an example showing that this is in-
deed the case.
The paper is structured as follows. In Sec. II, we dis-
cuss the Haldane-Shastry model and how we introduce
disorder into the system. In Sec. III, we study the physics
of the highly excited states by probing the entanglement
entropy and the level spacing statistics. We find that
the system at strong disorder is in a non-ergodic phase,
which is not a many-body localized phase. In Sec. IV, we
briefly discuss an alternative approach to adding disorder
to the model. Sec. V concludes the paper.
II. THE HALDANE-SHASTRY MODEL AND
DISORDER
We first recall the generalized Haldane-Shastry model
from [29, 30] and discuss how we introduce disorder into
the model. Consider a system of N spin-1/2 particles
sitting on the unit circle as illustrated in Fig. 1. We
denote the two basis states of the jth spin as |sj〉 with
sj ∈ {−1, 1}. The Haldane-Shastry ground state can
then be expressed as
|ψ0〉 =
∑
s1,s2,...,sN
ψ0(s1, s2, . . . , sN )|s1, s2, ..., sN 〉, (1)
where
ψ0(s1, s2, . . . , sN ) =
δs
N∏
k=1
eipi(k−1)(sk+1)/2
∏
i<j
(zi − zj)(sisj−1)/2. (2)
In this expression, zj is the position of the jth spin, and
N must be even, as δs is defined such that
δs =
{
1 if
∑
i si = 0
0 otherwise
. (3)
In the original Haldane-Shastry model, zj = e
i2pij/N ,
which means that the spins are uniformly spaced. We
shall here consider the more general case, where zj = e
iφj
with φj ∈ [0, 2pi[. In both cases, (2) is a spin singlet.
We start from the uniform case and add disorder by
choosing the lattice positions as
zj = e
2pii(j+αj)/N , j ∈ {1, 2, . . . , N}. (4)
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FIG. 1. Left: Uniform lattice on a circle with N = 6 spins.
Right: Disordered lattice with N = 6 spins. When we divide
the system into two parts to compute the entanglement en-
tropy, we choose part A of the system to be the N/2 spins
with the smallest angles φj and part B to be the remaining
spins.
Here, αj is a random number chosen with constant prob-
ability density in the interval [− δ2 , δ2 ], and δ ∈ [0, N ] is
the disorder strength. An example for N = 6 spins is
shown in the right panel of Fig. 1. For disorder strength
δ = 0, the uniform model is recovered. When 0 < δ < 1,
there is some disorder, but the spins are still ordered from
1 to N on the circle, and there is still one spin per 2pi/N
length of the circle. If we increase the disorder strength
even further to δ > 1, the order of the spins can change.
For the maximal disorder strength δ = N , all of the spins
can be anywhere on the circle.
As long as the zj are restricted to be on the unit circle,
one can show analytically that |ψ0〉 is a ground state of
the Hamiltonian
H = −2
∑
i 6=j
[
zizj
(zi − zj)2 +
(zi + zj)(ci − cj)
12(zi − zj)
]
~Si · ~Sj , (5)
and numerical computations show that it is the unique
ground state [30]. In this expression,
cj =
∑
k∈{1,2,...,N}\{j}
zk + zj
zk − zj (6)
and ~Si is the spin operator (S
x
i , S
y
i , S
z
i ). Each S
a
i is de-
fined as
Sai =
1
2
σai , a ∈ {x, y, z},
where σx, σy, σz are the Pauli matrices. We write the
Hamiltonian in (5) as
H =
∑
i 6=j
hij ~Si · ~Sj . (7)
The Hamiltonian conserves the net magnetization and
we shall assume throughout that the net magnetization
is fixed to zero.
We add disorder to this Hamiltonian in the same way
as to the Haldane-Shastry ground state, namely by defin-
ing the lattice positions zj as in Eq. (4). It is seen that
3-1 0 1
Re(z)
-1.5
-1
-0.5
0
0.5
1
1.5
Im
(z)
0 2 4 6
j- i
0
5
10
15
20
25
30
|h i
j|
-1 0 1
Re(z)
-1.5
-1
-0.5
0
0.5
1
1.5
Im
(z)
0 2 4 6
j- i
0
20
40
60
80
100
120
|h i
j|
FIG. 2. Top left: Uniform lattice with N = 20 spins. Top
right: Behavior of the coupling strengths |hij | in the Hamil-
tonian on the clean lattice. Bottom left: One realization of
the disordered lattice with N = 20 spins for maximum disor-
der strength δ = N . Bottom right: Behavior of the coupling
strengths for the disordered lattice shown on the left. In both
the clean and disordered cases, we fix the ith spin to be the
one with the smallest angle φi and plot |hij | as a function
of φj − φi. Note that for the disordered case, the coupling
strength can be quite large between spins that are far from
each other.
disordering the positions of the spins leads to a disor-
dering of the coupling strengths. The coupling strengths
can be arbitrarily large when the spins come close to each
other. Fig. 2 shows the behavior of the coupling coeffi-
cients with distance for cases with and without disorder.
Although the coupling coefficients quickly decay to zero
for the clean case, this is no longer true at strong disorder
as seen in the figure.
III. PROPERTIES OF THE DISORDERED
MODEL
In the following, we study the properties of the highly
excited states. The Hamiltonian can be truly long-ranged
at strong disorder, and we find that the system is non-
ergodic, but not many-body localized. This is similar
to the findings in short-ranged SU(2) invariant models
discussed in [16, 17]. In particular, we investigate nu-
merically the entanglement entropy and the level spacing
statistics.
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FIG. 3. Top: Entanglement entropy S of half of the chain for
the state closest to the middle of the spectrum of the Hamilto-
nian (5) averaged over 104 disorder realizations as a function
of the disorder strength δ. The different curves are for differ-
ent system sizes N as indicated. The entropy [N ln(2)− 1]/2
for an ergodic system is shown with horizontal dashed lines.
Bottom: Variance σ2 of the entanglement entropy computed
from the same set of data. It is seen that the transition hap-
pens around δ = 1.
A. Entanglement entropy
The entanglement entropy of excited states has turned
out to be a helpful diagnostics to identify phase transi-
tions in disordered systems [12]. Here, we consider the
half chain entanglement entropy S = −Tr[ρ ln(ρ)], where
ρ = TrB(|ψ〉〈ψ|) is the reduced density matrix after trac-
ing out part B of the system and |ψ〉 is the considered
energy eigenstate. The manner in which we choose the
spins constituting part B of the chain is explained in Fig.
1. For each disorder realization, we pick the eigenstate
whose energy is closest to the middle of the spectrum,
i.e. closest to the energy (Emax +Emin)/2, where Emin is
the ground state energy and Emax is the highest energy
in the spectrum.
In Fig. 3, we plot the mean entanglement entropy and
the variance of the distribution as a function of the disor-
der strength δ for different system sizes. The plots show
a phase transition at δ ≈ 1. The reason why the phase
transition happens around that point could be due to the
fact that for δ ≥ 1, neighboring spins can be arbitrarily
close, while this is not the case for δ < 1.
Figure 4 shows how 〈S〉 scales with the system size
N on the weak and strong disorder side of the transi-
tion and compares these results to the entropy of an er-
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FIG. 4. Scaling of the disorder averaged half chain entangle-
ment entropy 〈S〉 with the system size N for weak and strong
disorder. The slope of a linear fit for the points computed
at weak disorder is around 0.3, while for those computed at
maximum disorder it is around 0.06. The dashed blue line
shows the entropy [N ln(2) − 1]/2 of an ergodic system for
comparison. The results shown are averaged over 104 disor-
der realizations.
godic system of N spin-1/2, which was conjectured to be
[N ln(2) − 1]/2 for 2N/2  1 in [37]. At small disorder,
the entropy grows with the system size, and the slope
is comparable to the slope for the entropy of an ergodic
system. At large disorder, the entropy again increases
linearly with the system size, which shows that the sys-
tem is not many-body localized. The slope is, however,
much less than it is for weak disorder, and the system is
therefore also not ergodic.
B. Level spacing statistics
The level spacing statistics is another helpful tool to
identify whether a system is in an ergodic phase, a many-
body localized phase, or in some other phase. Hamilto-
nians with or without time reversal symmetry [35] in the
ergodic phase are known to exhibit Gaussian orthogo-
nal ensemble or Gaussian unitary ensemble level spac-
ing statistics, respectively, indicating the presence of en-
ergy level repulsion. While in the localised phase, the
level spacing statistics obey the Poisson distribution in-
dicating the absence of level repulsion. The energy level
spacing distribution of the clean Haldane-Shastry model
has been studied in the past and is found not to obey
the Poissonian distribution although the model is com-
pletely integrable [38, 39]. We compute the distribution
P (En+1−En) of the energy level spacings En+1−En of
the disordered Haldane-Shastry model for the maximally
disordered case and find that, interestingly, it is neither
of the Wigner-Dyson, nor of the Poisson kind, which is
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FIG. 5. The energy level spacing distribution of the disor-
dered Haldane-Shastry model computed for 16 spins for one
disorder realization at maximal disorder strength. It follows
neither the Poisson distribution, nor the Gaussian orthogonal
ensemble.
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FIG. 6. The adjacent gap ratio r for the spectrum of the
Hamiltonian (5) as a function of the system size N at max-
imal disorder strength. The results shown are averaged over
104 disorder realizations. The curve neither approaches the
Poisson value, nor the value for the Gaussian orthogonal en-
semble.
seen in Fig. 5.
One can also compute a dimensionless quantity, which
is the ratio of consecutive gaps of distinct energy levels
[40]. The quantity of interest is called the adjacent gap
ratio and is defined as follows
r =
1
Ns
∑
n
min(δn, δn−1)
max(δn, δn−1)
, (8)
5where δn = En+1 − En and Ns is the total number of
states in the spectrum. The value of r averaged over sev-
eral disorder realizations is around 0.529 for the Gaus-
sian orthogonal ensemble and around 0.386 for the Pois-
son distribution. We recall that we are considering the
sector of the Hilbert space with zero net magnetization.
Also, since the Hamiltonian commutes with the parity
operator
∏
i σ
i
x , we consider the energies in one of the
parity sectors for computing the level spacing statistics.
The plot in Fig. 6 shows the gap ratio computed for sev-
eral system sizes at maximum disorder strength. The gap
ratio is not close to either 0.529 or 0.386. This indicates
that the system is in a non-ergodic phase that does not
exhibit many-body localization. This is consistent with
the sub-thermal value of the half-chain entanglement en-
tropy at strong disorder observed above.
We avoid showing the level spacing statistics for weak
disorder for the following reason. The clean Haldane-
Shastry model has an enhanced Yangian symmetry gen-
erated by the total spin operator and the rapidity oper-
ator that both commute with the Hamiltonian [22], and
this leads to degeneracies in the spectrum. For weak dis-
order, the model has no exact Yangian symmetry, but
there are still approximate degeneracies visible in the en-
ergy spectrum. This is seen in Fig. 7, where we compare
the energy spectra of the clean model and the disordered
model at weak disorder. The energy spectrum with lit-
tle disorder closely resembles the spectrum of the clean
Haldane-Shastry model. The degeneracies, although not
exact, have an impact on the level spacing statistics and
make this measure more difficult to interpret.
IV. ADDING DISORDER TO THE EXCITED
STATES OF THE HALDANE-SHASTRY MODEL
All the excited states of the clean model can be ana-
lytically expressed in terms of the positions zj [41]. This
opens up the possibility to add disorder into the excited
states by modifying zj . It turns out, however, that the
resulting states |ψ′n〉 are not eigenstates of the Hamil-
tonian (5) as soon as δ > 0. If the states had been
orthonormal, one could construct an alternative Hamil-
tonian as H =
∑
nEn|ψ′n〉〈ψ′n|, where En is the energy
of the state |ψ′n〉. We find numerically, however, that
most of the states are not orthogonal for δ > 0. The
most appropriate way to add disorder into the model is
hence to introduce it in the Hamiltonian (5) and study
the properties of the eigenstates numerically as discussed
in the previous sections.
V. CONCLUSION
We investigated the role of disorder on the Haldane-
Shastry model, which has long-range interactions and
SU(2) symmetry. The disorder averaged entanglement
entropy for a state close to the middle of the energy
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FIG. 7. Energy spectrum of the Haldane-Shastry model at
no and weak disorder computed for 12 spins. The spectrum
at weak disorder closely resembles that of the clean Haldane-
Shastry model.
spectrum showed a transition into a non-ergodic phase
at strong disorder. The non-ergodic phase is not a many-
body localized phase, since it has volume law entangle-
ment. The coefficient of the volume law is, however, much
less than for an ergodic system. We further confirmed
this non-ergodic behavior from the level spacing statis-
tics that did not match the random matrix predictions
for a thermal or a many-body localized phase.
The behaviors of strongly-correlated quantum many-
body systems are affected by several factors, including
symmetries and the range of the terms in the Hamil-
tonian. It has been argued that SU(2) symmetry is
not compatible with many-body localization [14, 15],
and it is hence expected that the disordered Haldane-
Shastry model does not many-body localize. On the
other hand, low entanglement and non-ergodic behav-
iors, which are different from many-body localization,
have been found in a nearest neighbor model with SU(2)
symmetry [16, 17]. There have been several studies inves-
tigating whether many-body localization can survive in
the presence of different types of long-range terms in the
Hamiltonian [33–36], since one might expect that long-
range terms will increase the amount of entanglement.
Similarly, it is unclear, whether nonlocal terms will de-
stroy the non-ergodic, low entanglement behavior seen
in local models with SU(2) symmetry. The results pre-
sented here provide an example, which shows that the
non-ergodic, low entanglement behavior can also hap-
pen in nonlocal models. The obtained results motivate
the search for further, interesting, non-ergodic phases
6in models with SU(2) symmetry and long-range interac-
tions, as well as systematic studies to clarify under which
types of conditions, models with non-ergodic behavior
may appear.
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